We consider the problem of removal of ordering ambiguity in position dependent mass quantum systems characterized by a generalized position dependent mass Hamiltonian which generalizes a number of Hermitian as well as non-Hermitian ordered forms of the Hamiltonian. We implement point canonical transformation method to map one-dimensional time-independent position dependent mass Schrödinger equation endowed with potentials onto constant mass counterparts which are considered to be exactly solvable. We observe that a class of mass functions and the corresponding potentials give rise to solutions that do not depend on any particular ordering, leading to the removal of ambiguity in it. In this case, it is imperative that the ordering is Hermitian.
I. INTRODUCTION
Position-dependent mass (PDM) quantum systems, which especially find valuable applications in condensed matter physics 1 , require ordering between momentum and mass operators in the kinetic energy term and also require appropriate modification in the boundary conditions since some mass functions are not continuous 2 . The ordering may be Hermitian or non-Hermitian since non-Hermiticity in certain situations can also allow the possibility of getting real energy eigenvalues 3, 4 . Weyl ordering 5, 6 , von Roos ordering 7 , Li and Kuhn They have also presented a complete classification of the operator.
Many exactly solvable quantum systems with mass depending on the position have emerged while studying the quantum dynamics of certain classical nonlinear oscillators.
Most of such nonlinear oscillators belong to the quadratic Liénard type nonlinear oscillators, for example Mathews-Lakshmanan (ML) oscillator 12 and its generalizations 13 and extensions 14, 15 . Other classes of nonlinear oscillators have also been studied in the context of PDM problem [16] [17] [18] .
The time-independent generalized Schrödinger equation corresponding to the PDM quantum systems may also be solved by implementing the methods applied to the Schrödinger equation corresponding to the constant mass systems. Point canonical transformation method, which relates the PDM and constant mass systems, is a widely used method in this direction 19 .
An important goal in the study of the quantum dynamics of PDM problem is to overcome the ambiguity problem in ordering, that is to identify effective potentials resulting from all possible choices of ordering which unambiguously possess the same solutions. In the present work, we consider a generalized 2N-parameter kinetic energy operator which unifies all types of Hermitian and non-Hermitian orderings and investigate the effect of ambiguity in the dynamics of systems endowed with one-dimensional potentials. The associated Hamiltonian of the generalized kinetic energy operator which is as such non-Hermitian can become
Hermitian on either applying a specific condition on the ordering parameters or through a similarity transformation. In this work, we start our analysis with the generalized Hermitian We begin with the choice where the mass is an arbitrary function. Here the generality of the Hermitian Hamiltonian is lost and it gets reduced to a particular form. In the literature this case is studied using von Roos ordering for different exactly solvable potentials such as the linear harmonic oscillator 20 , the generalized isotonic oscillator 21 and other generalized potentials 17,18 admitting exceptional orthogonal polynomials. In the case of the second choice, where the ordering parameters are arbitrary, the mass function takes a particular class of forms. The class of allowed mass functions in this case is derived explicitly. The PDM systems associated with the class of mass functions admit eigenfunctions which are free from ordering parameters. It is worth mentioning that the ordering ambiguity is removed in the study of PDM systems when they associate with a class of mass functions and subjected to Hermitian ordering.
Since the non-Hermitian ordered Hamiltonian can be related with its Hermitian counterpart through a similarity transformation, we can obtain the solutions of the associated Schrödinger equation of the non-Hermitian Hamiltonian from that of Hermitian Hamilto-nian. In case of the non-Hermitian ordering, we also consider both the choices, that is (i) mass is arbitrary and (ii) the ordering parameters are arbitrary. In the first choice, that is the mass is arbitrary, the 2N-parameter PDM non-Hermitian Hamiltonian reduces to one parameter Hamiltonian which admits eigenfunctions including the ordering parameter. For the second choice, the 2N ordering parameters are arbitrary and the mass function is fixed.
Hence, the 2N-parameter PDM systems associated with the class of mass functions admit eigenfunctions which also include the ordering parameters and so the ambiguity in ordering is present. However, in both Hermitian and non-Hermitian orderings the energy spectrum remains the same. So it is possible to obtain a mixed class of isospectral Hamiltonians, that is a mixed class of Hermitian and non-Hermitian Hamiltonians admitting the same energy spectrum. The general study is illustrated with the quantum versions of two specific forms of quadratic Liénard type nonlinear oscillators discussed in Ref. 22 .
The plan of the paper is as follows. In the following section, we discuss about the newly proposed general form of PDM kinetic energy operator and its classification and the problem of ordering ambiguity therein. In Sec. III, we study the quantum solvability of Hermitian
Hamiltonian systems associated with position dependent mass potentials using PCT and isolate specific classes of potentials for which the ordering problem can be removed. In
Sec. IV, we extend our study to non-Hermitian Hamiltonian systems. Next, in Sec. V, we illustrate the proposed method with the quadratic Liénard type nonlinear oscillators whose
Hamiltonians are position-dependent mass ones. Finally in section VI, we summarize our results.
II. ORDERING AMBIGUITY
In the literature, the kinetic energy operatorT , which consists of position-dependent mass m(x) and momentump, is expressed in numerous ways in different situations 10, 11 . We point out a few: 
where N is an arbitrary positive integer, and the ordering parameters should satisfy the The operator (1) is not Hermitian in general and can be re-expressed aŝ
where is Planck's constant andX = (ᾱ,β,γ) denotes the weighted mean value,
The corresponding Hamil-tonian for a potential V can be written aŝ
One can also rewrite the above Hamiltonian aŝ
where
is known as effective potential. In Eqs. (3) and (4), the subscript non inĤ non implies that the Hamiltonian is non-Hermitian.
B. Hermitian ordering
The term proportional to ∇ 1 m .p is responsible for the Hamiltonian (3) or (4) being non-Hermitian. Hence, the removal of this term makes the operatorĤ non to be Hermitian.
It can be achieved by applying either (i) a conditionᾱ =γ, or
(ii) whenᾱ =γ, a similarity transformation which relates the non-Hermitian Hamiltonian (Ĥ non ) to its Hermitian counterpart (Ĥ her ).
Method (i)ᾱ =γ
On applying the condition,ᾱ =γ, the coefficient of the term ∇ 1 m .p in (3) vanishes which results in the Hermitian Hamiltonian (Ĥ her ) aŝ
Here the number of ordering parameters appearing inĤ non is reduced to (2N −1) parameters due to the conditionᾱ =γ.
To illustrate the above, in the following we derive the von Roos ordering which is Her-
in expression (1) and also implementing the Hermiticity condition,ᾱ =γ, gives α 1 + α 2 = γ 1 + γ 2 . We also have the additional conditions α 1 + β 1 + γ 1 = −1, and α 2 + β 2 + γ 2 = −1. One of the possible solutions of these conditions is α 1 = γ 2 , α 2 = γ 1 and β 1 = β 2 , leading to von Roos ordering of (1) aŝ
The corresponding Hamiltonian from (6) can be expressed aŝ
It also shows that the von Roos ordering is not the most general form 10 .
Method (ii) Similarity transformation
The non-Hermitian HamiltonianĤ non given by (4) can be related to the Hermitian HamiltonianĤ her by performing the transformation
which yields
The above form becomes Hermitian if 2η =γ −ᾱ and so that we havê
where now the effective potential takes the form
Note that the number of ordering parameters present inĤ non can be preserved in the transformed Hermitian Hamiltonian,Ĥ her , obtained in (11) sinceᾱ =γ. On substitutinḡ α =γ in (11) we can obtain the form (6) . Hence the Hamiltonian (11) can be considered to be a general Hermitian ordered form of Hamiltonian (3) or (4) and so, in this work, we consider this Hermitian ordered form of the Hamiltonian (11) to study the quantum sovability of PDM potentials.
To illustrate the transformation from non-Hermitian Hamiltonian to Hermitian Hamiltonian, we consider a simple form of kinetic energy operatorT given in (1) by considering N = 1 and so w 1 = 1, namelyT
whose corresponding Hamiltonian is,
This non-Hermitian Hamiltonian can be transformed to Hermitian Hamiltonian through the similarity transformation (9) , that iŝ
where η =
The main motivation of the present work is to suggest a straightforward method of removal of ordering ambiguity in the PDM problem. We restrict our attention to onedimensional potentials only due to their simplicity and enormous applications. In the literature, the problem has been studied for certain exactly solvable one-dimensional potentials with the help of supersymmetric quantum mechanics within the framework of von Roos ordering 27 . We implement the PCT technique and will obtain explicit forms for a class of one-dimensional exactly solvable potentials which are free from ordering ambiguity. To make the study more general than the available works in the literature, we consider the one-dimensional version of the kinetic energy operator ordered as in (2) since at present it is considered to be the most general form.
We consider both the non-Hermitian and Hermitian ordered forms of position dependent mass Hamiltonian and study their solvability using the PCT method. In the following section, we consider the Hermitian Hamiltonian of the form (11) . We take up the case of non-Hermitian ordered Hamiltonian (3) in the succeeding section 4.
III. QUANTUM SOLVABILITY OF HERMITIAN HAMILTONIAN
We consider the one-dimensional version of Hermitian Hamiltonian (11) for a potential
Since [x,p] = i , we assume the coordinate representationp = −i d dx .
We approach the non-ambiguity problem with the aim of obtaining the solutions for the system (16) which are independent of the ordering parameters (α i , β i , γ i ). We start with the time-independent Schrödinger equation for the Hamiltonian (16),
To solve Eq. (17), we now use the point canonical transformation (PCT) 20, 28 , that is change the independent variable x in (17) to a new variable g, defined by the relation x = F (g), and introduce the transformation,
where d is an arbitrary parameter. Defining V (x) = V (F (g)) ≡ U(g), Eq. (17) can be rewritten as
Our strategy now is to deduce a constant mass Schrödinger equation from (19) in the new coordinate variable g corresponding to the potential U(g) with the same energy eigenvalue E of the PDM system (17) . It can be achieved by choosing
and expressing all the terms inside the square brackets in (19) uniquely in terms of g and its derivatives with respect to x as follows,
Then one can easily remove the term corresponding to the first derivative of φ(g) in the resultant equation by choosing d = . Consequently (21) reduces to
To deduce the constant mass Schrödinger equation from (22) without loss of generality,
we may demand that
Then Eq. (22) reduces to
which is indeed in a form free from any variable mass dependent term. From equation (24), we infer that if we provide an exactly solvable potential, U(g), with eigenvalues E n , n = 0, 1, 2, 3, ... and associated normalized eigenfunctions φ n (g), we can solve the equivalent position dependent mass system (16) and obtain the eigenfunctions, namely
with same energy eigenvalues E n , subject to the condition that ψ n 's, n = 0, 1, 2, 3, ..., satisfy all the admissibility and boundary conditions. The eigenfunctions (25) can be normalized as follows,
To solve Eq. (23), one can consider two possibilities:
1. g(x) and so the mass function m(x) = dg dx 2 = g ′2 is arbitrary, while the ordering parameters get fixed.
2. Ordering parameters are arbitrary, while the form of g(x) and so m(x) get fixed.
We consider both the cases separately.
A. Case (i) Arbitrary mass functions
In this case, the coefficients in (23) must vanish separately for arbitrary mass functions,
and
Using the condition α i + β i + γ i = −1 in the first equation of (27), we obtain
On solving the remaining equation in (27) , we obtain
which fix
This means that the variances in the parameters are zero. It results that all γ i 's are the same and so also α i 's and β i 's, where i = 1, 2, 3, ...N. Hence we can consider
On implementing the result (31) in Eqs. (27) and (28), we can obtain the conditions
With this choice the Hermitian Hamiltonian (16) takes the form
which can also be re-written aŝ
From (25), we get the eigenfunctions of the system (34),
which do not include ordering parameters. Hence we can conclude that the PDM Hamiltonians take only one particular form (34) for the arbitrary mass functions when the ordering is restricted to be Hermitian 17 .
B. Case (ii) Arbitrary ordering parameters
Here we consider that the ordering parameters can be arbitrary, so that eitherᾱ+γ+ = 0. To do so we consider the transformation
where the function u(g) is to be determined. Then the above equation (23) becomes
The second-order nonlinear differential equation (36) can be transformed into a first-order equation through a further transformation, −u u = θ(g):
which is obviously a Bernoulli equation that can be transformed to a linear first-order differential equation with θ = 1 w aṡ
Note that c 1 is an arbitrary parameter.
By solving the resultant equation (38), one can obtain
where c 2 is an integration constant. Consequently we use the result (39) in the above transformations and obtain
While solving (24) , the function g
s is fixed and so
where C 3 is a constant of integration. Since from (20) m(x) = g ′2 (x), the expressions (42) for g(x) explicitly fix the mass function as
Now we can redefine the constants and express the allowed g(x) as
corresponding mass functions are given by
where a 1 = C given by (45) and obtain the eigenfunctions (25), namely
with the same energy eigenvalues E n for arbitrary ordering parameters.
Here we conclude that the above class of mass functions (45) removes the ordering ambiguity in the associated position dependent mass systems (16).
C. Continuity condition of the eigenfunction (25)
In the above two cases (i) and (ii), m(x) can be singular for example when C < 0 in Eq.
(45). Hence one has to determine suitable continuity conditions for the wavefunction. The
Hermitian Hamiltonian (16) is consistent with the continuity equation of standard form of position dependent mass system with probability current density,
Consider the case where mass function m(x) has a discontinuity at x = 0, as an example.
Then we have to find out the matching conditions, that is how ψ and ∂ψ ∂x at x = 0 − are related to their values at x = 0 + , where the indices − and + denote, respectively, the left and right-hand sides of the mass discontinuity point in x 25,29 . Starting with the constant mass Schrödinger equation (24)
and substituting the solution (25)
and also the transformation g ′ = m(x), we obtain For this Hamiltonian, from the continuity of φ n (g(x)) ′ s, using (48) we can write the continuity conditions for ψ ′ n s as
Note that a similar condition was used in the case of von Roos ordering for α = β in Ref. 25 .
IV. SOLVABILITY OF NON-HERMITIAN HAMILTONIAN
As we have pointed out in Sec. II the non-Hermitian Hamiltonian for a one-dimensional potential V (x), as deduced from Eq. (3), iŝ
It can be related to the Hermitian Hamiltonian (16) through the transformation (9),
Hence the solution of the associated one-dimensional time-independent Schrödinger equation of the Hamiltoninan (52), namely
can be obtained using the relation,
for the same energy eigenvalue E n of the Hermitian Hamiltonian (16) , that isĤ her ψ n = E n ψ n . On substituting the solution of Hermitian Hamiltonian (25) in (54), we can explicitly express the eigenfunctions of the non-Hermitian Hamiltonian as which can be obtained from Eqs. (27) , (28) and (31) .
With this choice the kinetic energy operator (1) takes the form
It fixes the one dimensional non-Hermitian Hamiltonian (Ĥ non ) to be of the form
Here we infer that the PDM Hamiltonian reduces to one-parameter Hamiltonian (57) for arbitrary form of mass functions when the ordering is considered to be non-Hermitian.
The eigenfunctions of the system (57) can be obtained from (55) as
Case (ii) Keeping 2N ordering parameters as arbitrary in (23) yields the relation (41),
s , which fixes g(x) as in (42) A. Normalization and continuity conditions of (55) In the case of non-Hermitian ordering,ᾱ =γ, we also obtain real energy eigenvalues. The standard inner product definition, that is ψ m |H nonψn = ψ m |H † nonψ n , has to be modified to prove the reality of the energy eigenvalues of the non-Hermitian Hamiltonian 30 . Here ψ m | is not dual to |ψ m since the associated HamiltonianĤ non is not Hermitian. We first find out the correspondence betweenĤ non and its conjugationĤ † non . Now we consider the relation (9),Ĥ
and its associated Hermitian conjugation,
SinceĤ her =Ĥ † her , equating the above equations (59) and (60) yields a relation,
It can be expanded aŝ
It is instructive to compare the corresponding form ofĤ non given in Eq. (51). The eigenstates ofĤ † non can be found out from the expressions (55) and (61) as
We can now show that indeed |φ m is dual to ψ m |.
To prove that φ m | is dual to |ψ m rather than ψ m |, we first represent the one dimensional time-independent Schrödinger equation (51) in terms of Dirac's notation aŝ H non |ψ n = E n |ψ n , and the inner product as φ n |Ĥ non |ψ n = E n φ n |ψ n .
The adjoint of (64) is ψ n |Ĥ † non |φ n = E n ψ n |φ n ,
On substituting (61) in (65), we can obtain
Using (63) in (65), we can transform it to φ n |Ĥ non |ψ n = E n ψ n |φ n .
On equating (65) with (67), we can obtain the relation,
which in turn proves the reality of the energy spectrum of the non-Hermitian Hamiltonian.
Similarly from Eqs. (64) and (67),
Hence it is confirmed that φ n | is dual to |ψ n . Now we evaluate φ n |ψ n ,
Hence ψ n is normalized with respect to m 2η (let it be ρ). So the inner product can be represented as follows: φ n |ψ n = ψ n |m 2ηψ n = ψ n |ψ n ρ .
To derive the continuity condition for the wavefunctionψ ofĤ non , we first evaluatẽ
and alsoψĤ † nonφ * ,
On subtracting (73) from (72), we can write
Hence Eq. (74) is nothing but the continuity equation for the stationary stateψ ofĤ non and j can be interpretated as the current density. To do so, we substituteφ = m 2ηψ (vide (63)), where η =γ
, in Eq. (75) and obtain
Now we integrate the probability flux j over all space
This is consistent with the definition of current density of constant mass eigenfunction φ(g(x)) 31 .
V. GENERAL LIÉNARD TYPE NONLINEAR OSCILLATORS AND THEIR

QUANTIZATION
In this section, we illustrate the method by considering the quadratic Liénard type nonlinear system described classically by the equation of motion,
where f (x) and h(x) are arbitrary functions. The corresponding Hamiltonian reads 12, 22 as
where the mass, m(x) = e 2 x f (x ′ )dx ′ and the momentum,
is of the form
Recently, the above nonlinear ordinary differential equation (78) has been investigated for its Lie point symmetry properties 22 . The general form of Eq. (78) has been classified based on the fact whether the equation admits one, two, three or eight parameter Lie point symmetry groups. The general form of (78) which admits maximal eight parameter symmetry group, and is also linearizable through local transformations, is of the form
where λ 1 and λ 2 are constants. One can show that the corresponding Hamiltonian 32 is
On the other hand the particular form of (78), namelÿ
is integrable but linearizable through nonlocal transformations, corresponding to three parameter symmetry groups 22 . The corresponding Hamiltonian 32 is
It has been also shown that the systems (81) and (83) represent the isochoronous oscillations if the relevant functions of (78) satisfy the conditions 22 ,
(
respectively.
The above relations on using (80) yield two different potentials, namely
x f (x ′ )dx ′ , corresponding to the above Hamiltonians H 1 and H 2 respectively (see Eqs. (82) and (84)).
We solve the corresponding position dependent mass Hamiltonians for the above two potentials based on the method discussed above.
The potential
is in the form of a linear harmonic oscillator potential. For this potential, we consider both
Hermitian and non-Hermitian ordered forms of quantum Hamiltonian corresponding to its classical counterpart (82) and implement the above procedure for these two cases.
(a) Hermitian ordering
The corresponding one-dimensional Hermitian Hamiltonian (16) for the potential
) is as given in Eq. (87). The associated time-independent Schrödinger equation is
Here the prime stands for differentiation with respect to g(x). By implementing the procedure discussed earlier, we can transform Eq. (90) for the potential V 1 (x) to the constant mass Schrödinger equation (24) . To prove this, we first introduce the PCT (18) which reduces Eq. (90) to an equation for φ(g) as
We then remove the terms involving the derivatives of g through two ways by treating either mass or ordering parameters as arbitrary as discussed in the previous sections and obtain
An asymptotic analysis of (92) as g → ∞ suggests the transformation
which leads to the equation
Now introducing the transformation,
which reduces (94) to the form of the Hermite differential equation,
... Hence, we can obtain the energy eigenvalues and eigenfunctions of (89) as
where H n (y), n = 0, 1, 2, 3, ..., are Hermite polynomials 33 .
The normalization constant N n can be obtained using the normalization condition as follows:
Since g ′ = m(x), from Eq. (99), we obtain
which reduces to
by applying the transformation (95). Since
(101) we can obtain the normalization constant as
Now we analyse the results for the two cases, that is (i) mass (m(x)) is arbitrary and (ii) the ordering parameters α i , β i , γ i , i = 1, 2, 3, ...N are arbitrary, separately.
Sub-case (i) m(x) as arbitrary
As discussed in the section III A, when mass function is considered to be arbitrary, only one Hermitian ordering given by (34) or (89) is possible.
Following the analysis given above, we can conclude that the position dependent mass counterparts of U 1 (g) corresponding to arbitrary mass functions are exactly solvable if the associated Hamiltonians are ordered as in (89). The solutions (98) can be explicitly expressed as
where N n are the normalization constants obtained in (102).
Sub-case (ii) ordering parameters as arbitrary
As discussed in III B, when the ordering parameters are considered to be arbitrary, the functions g(x) and m(x) are explicitly fixed to be (42) and (45), respectively. Correspondingly the potential V 1 (x) (87) takes particular forms
where µ 
where N n , n = 0, 1, 2, 3, ... are the normalization constants obtained in (102), for the energy eigenvalues E n (97). The parameters µ 1 , µ 2 , µ 3 , ν 1 , ν 2 , c and C are defined in Eqs. (44) and (45).
(b) Non-Hermitian ordering
Similarly while considering the non-Hermitian Hamiltonian (51) for the one-dimensional potential V 1 (x),
it can be related with the Hermitian Hamiltonian (89) through the transformation (9).
Hence, from the solutions (98) of the Hermitian Hamiltonian, we can obtain the eigen-functions of the non-Hermitian Hamiltonian (106) along with the energy eigenvalues,
Now we analyze the results for the two cases, that is (i) mass (m(x)) is arbitrary and (ii) the ordering parameters α i , β i , γ i , i = 1, 2, 3, ...N are arbitrary.
Sub-case (i) m(x) as arbitrary
In this case the 2N ordering parameters of the non-Hermitian Hamiltonian (51) get reduced to one parameter (γ) corresponding to the Hamiltonian for the potential V 1 (x),
which can be re-expressed aŝ
From (107), the solutions for the system (109) can be obtained as
Sub-case (ii) ordering parameters as arbitrary
As discussed earlier in the Hermitian ordering, the functions g(x) and m(x) take specific forms (44) and (45) which fix the potential V 1 (x) to be particular forms (104). The non-Hermitian Hamiltonian for the two classes of potentials (104) arê
The corresponding time independent Schrödinger equation can be exactly solved and the solutions can be written using (107) as 
where N n , n = 0, 1, 2, 3, ... are the normalization constants obtained in (102), for the energy eigenvalues E n (97).
B. Case 2 Potential V 2 (x)
Now we consider the inverse square form of the potential, 
Then as in the case of the potential V 1 (x), we can consider the two subcases, namely (i) m(x) arbitrary and (ii) ordering parameters arbitrary, using the appropriate forms of g(x) and m(x). We do not present them explicitly here as their forms are obvious from the previous discussion.
VI. CONCLUSION
We have considered a general Hermitian ordered form of kinetic energy operator corresponding to a quantum particle with PDM. Using point canonical transformation method the 
